Sexual selection can be defined in terms of mating preferences which favour particular genotypes or phenotypes and which are expressed at the same level in all females without any degree of assortment in the matings. In this paper, population genetic models are analysed in which assortative mating is combined with sexual selection. If separate mating preferences for each of three genotypes at a locus give rise to sexual selection and if each genotype may also mate assortatively, then a wide range of conditions entails the establishment of a unique, globally stable equilibrium which coincides with the equilibrium for assortative mating alone. Under certain other conditions, however, one of two different stable equilibria will be established dependent on the parameters of both sexual selection and assortative mating. This multiplicity of equilibria cannot arise in models involving either sexual selection or assortative mating alone. If females prefer either dominant or recessive phenotypes, then the advent of sexual selection prohibits the fixation that would occur by assortative mating alone; the effect of sexual selection is to ensure that a globally stable equilibrium will be established. In the combined model, therefore, sexual selection for a dominant trait exerts a greater effect on the final outcome than assortative mating. However, in contradistinction to the model with dominance, assortative mating usually determines the outcome when genotypes are preferred and assort separately.
I. INTRODUCTION
IN models of sexual selection (O 'Donald, 1962 'Donald, , 1963 'Donald, , 1973a 'Donald, 1973b ; for a general review see O'Donald, I 977a) some females are assumed to prefer to mate with particular males regardless of whether the females do or do not possess the preferred phenotype or genotype: the preference is expressed in all females equally; the phenotypes and genotypes do not assort together in the mating pairs of individuals. In models of assortative mating (O 'Donald, 1960; Karlin, 1968; Karlin and Scudo, 1969; Scudo and Karlin, 1969 ) a certain proportion of the matings are assumed to take place between particular phenotypes or genotypes in excess of the matings that take place at random. This excess can be interpreted as the proportion of individuals expressing a mating preference for others like themselves. A mating preference is usually expressed only by females. If a preference for males with a particular phenotype or genotype is expressed only by females who possess the same phenotype or genotype, then assortative mating takes place. In an organism that mates monogamously without any assortment of the mating preferences the overall frequencies of matings become the same 165 as random mating frequencies, the genotypes following the HardyWeinberg Law. With monogamy, therefore, the existence of a mating preference can be detected only if some matings are assortative. Then mating frequencies will deviate from the expectations of random mating and genotypic frequencies will deviate from the Hardy-Weinberg Law. The existence of monogamous assortative mating usually implies some selection for change of gene frequency provided the mating preferences are determined by phenotype and some individuals are left unable to find mates, or some matings are less fertile than others Scudo and Karlin, 1969) . As Darwin (1871) suggested, matings later in the breeding season may be less successful in producing offspring: in many nonpasserine birds, breeding success declines as the breeding season advances.
Preferred males are then selected because they find their mates sooner on average than the others. This can produce very strong selection (O 'Donald, 1973a ).
In polygynous mating systems, strong selection is the rule: the males, who have mated once, are available to mate again; the preferred males may therefore mate many times more often than the others. In extreme cases, a few dominant males sire a large proportion of the next generation. Selection for particular alleles will then be determined by preferences either randomly or assortatively distributed among the genotypes. We use the term sexual selection to describe mate selection by randomly distributed mating preferences and thus distinguish this process from that of assortative mating. Assortative mating and sexual selection always give rise to gene frequency selection in polygynous species. O'Donald (1 977a) discussed these distinctions in more detail. Some qualitative and quantitative comparisons are set forth in Karlin and Farkash (unpub.) .
Field observations (for example, Murton, Westwood and Thearle, 1973; Davis and O'Donald, 1976) can easily be made on assortative mating in monogamous species with a pair bond, since the numbers of different matings can be observed and counted directly. To observe sexual selection is much more difficult. Variation in the time spent finding a mate has been used to estimate sexual selection in the Arctic Skua, a monogamous sea bird (O 'Donald, Wedd and Davis, 1974; O'Donald, 197Th; O'Donald and Davis, 1977) . Direct observations in laboratory experiments have been used to determine the mating advantages of phenotypes and genotypes of Drosophila starting with the pioneering work of Sturtevant (1915) and leading up to Ehrman and Spiess' detailed and controlled experiments of frequencydependent mating choice for chromosomal inversions-for a review, see Ehrman (1972) . In this paper we analyse models of polygynous mating systems in which sexual selection without assortment is combined with assortative mating. In a future paper we expect to analyse the corresponding models with monogamy. These mixed models that we shall analyse may he applicable to data of the Arctic Skua. Davis and O'Donald (1976) Mixed models with polygyny may be appropriate for the description of mating preferences for particular Drosophila genotypes. Generally, the evidence from the experiments of Ehrman and Spiess (Ehrman, 1966 (Ehrman, , 1967 (Ehrman, , 1968 (Ehrman, , 1969 (Ehrman, , 1972 Spiess, 1968; Ehrman and Spiess, 1969; Spiess and Spiess, 1969) is consistent with models of sexual selection without assortment. O 'Donald (1977c) fitted models of mating preferences to some of Ehrman and Spiess' data of mating success of males at different frequencies.
There was no significant evidence for assortment in Spiess' data (Spiess, 1968; Spiess and Spiess, 1969) in which numbers of the females' genotypes were controlled in the mating choice experiments. However, specific mechanisms may give rise to assortment.
Drosophila may show assortment if genotypes are reared on different media: individuals tend to mate with individuals reared on the same media. This is an example of a widespread phenomenon in insects who return to specific food plants. In natural populations, therefore, assortative mating could easily be combined with sexual selection without assortment. This is the case we analyse in this paper.
THE MIXED ASSORTATIVE MATING-SEXUAL SELECTION MODEL WITHOUT DOMINANCE (i) Description of model
The three genotypes determine separate phenotypes. As usual we assume a large population where mating preferences are exercised by the female, where males are polygamous ensuring that all females are fertilised, and where a 1 : 1 sex ratio prevails in reproduction. The assorting and sexual selection mating rates are described in terms of the following parameters. Henceforth, we restrict ourselves to the symmetric case a=c.
(2.2) This restriction must be unrealistic biologically, but we hasten to state that the qualitative results reflect the evolutionary consequences with general parameters (cf. Karlin, 1968 and Karlin and Farkash, unpublished) .
Under the stipulation (2.2) the transformation equations can be represented more succinctly by the pair of equations
There is a unique globally stable equilibrium given by
2(2-a)
2-a extant independently of the sexual selection parameters. This is exact!) the outcome from assortative mating and random mating alone when b > a. With assortative mating alone the rate of approach to (2.3) occurs at a geometric rate governed by the multiplying factor 2=1+-
The superposition of sexual selection speeds the approach to the equilibrium (2.3) at the geometric rate
Moreover, the condition of Case (1) is certainly satisfied for b > a and actually for a more extended range in the presence of partial sexual selection since the factor in the condition of Case (1), (a -2) (2x + ), is negative.
It is perhaps surprising that in this case sexual selection has no effect on the degree of homozygosity, whereas it might be expected that the homozygosity would be reduced. Without assortment, sexual selection would give rise to the equilibrium frequencies u" = , v = . Yet the equilibrium genotypic frequencies are exactly the same as when all preferential matings are assortative.
Case (2):
(a-b)(1 -a)+(a-2)(Zx+fJ)>O Under this condition, fixation, which takes place when all preferential matings assort, is prohibited by the advent of sexual selection. The equilibrium of (2.3) exists but now is unstable. There coexist two stable equilibria (u1*, w1) and (u2*, v2, w2*) explicitly given by (2.6) below. Define
In Case (2) the relations at the start of the evolutionary process are either w0>u0 (or equiva1entlyp0<-) which defines the domain of convergence to 1* * *.
U1, V1, W1
or u0> w0 (p0> ) which defines the domain of convergence to (4, v', w). A numerical example giving the condition for Case (2) and the stable equilibria of (2.6) has values a = c = , b = 0 and 2a + 9 < . Table 2 gives the genotypic frequencies at equilibrium over a range of values of 2ot + ,8. For the values when 2a + 8> * the condition for Case (1) holds If the value of the conditional expression a (1 -a) + (a-2) (2a + j9) <0 then the single, globally stable equilibrium of Case (1) is reached. But if the condition for Case (2) holds with a( 1 -a) + (a-2) (2a +j9) >0, then two different equilibria are stable: if then the equilibrium frequencies are given by the expressions for uf", v1' and w1"'; ifp0> then the equilibrium frequencies are given by u2', v21' and w2''. In this table the equilibria of Case (2) are those for which 2a+< 0167: only the frequencies u1*, r' and w1 are shown in the table; the frequencies u2, v2" and w, can be found by interchanging the values of u and giving only one stable equilibrium at which u°' = w. The two stable equilibria of Case (2) do not arise in models of either assortative mating or sexual selection alone (cf. Karlin, 1968; O'Donald, 1977a) . But if the phenotypes are determined not by each genotype separately but by levels of heterozygosity, then qualitative outcomes like those of (2.6) do occur (Karlin and Farkash, unpub.) . (d) More than one stable polymorphic equilibrium may exist in the combined sexual selection and assortative mating model. This is not possible in the separate models. The dynamic evolution in this case depends crucially on initial conditions, founder effects and perhaps environmental correlates. Consistent with a multiplicity of stable equilibrium states is the interpretation that where genotype frequency varies over different localities a possible mechanism with respect to mating structure can involve the joint mechanisms of positive assortative mating and orders of sexual selection.
(e) In view of the interesting fact that for a wide spectrum of conditions, the unique globally stable equilibrium (2.3) for the combined model coincides with the equilibrium for the model of assortment alone; fitting equilibrium frequencies might therefore significantly underestimate the mating preferences. The difference can be partly sorted out by a series of longitudinal observations checking the rate of approach to equilibrium (compare (2.4) and (2.5) or the strength of the equilibrium over time under random perturbations). ---(3.6) p \\'p+c p+oJ and 0< A < 1 (concerning details on (3.6), see Karlin, 1978 ).
An intricate analysis shows that the approach to the stable polymorphism is slower in the combined sexual selection-assortative mating model over that of (3.6) for sexual selection alone.
(e) In contradistinction to the no-dominance model of Section 2, the sexual selection component for a dominant trait appears to exert greater influence on the evolutionary process in the combined model. Assortative mating alone for a dominant trait has no chance of producing a polymorphism, whereas the superposition of sexual selection will ensure a globally stable polymorphism.
It is of interest to compare the polymorphic equilibria for sexual selection without assortative mating We have for r > s, <w°° and for r < s, then > w. These are the relations we should expect: when r > s and the dominant assorts more than the recessive, then the equilibrium frequency of the recessive is reduced by comparison with its frequency determined by sexual selection alone; when r <s, then its frequency is increased over that for sexual selection alone.
